Abstract. We derive a multiphase flow model oriented to CO 2 sequestration and complete it with a hysteresis operator relating saturations to capillary pressures. A relaxation iterative algorithm for the numerical treatment of the model is developed and implemented. Numerical simulations of a three-phase flow are presented.
MOTIVATION AND BASIC RELATIONS
There is a popular belief that the global warming is caused by the growing concentration of carbon dioxide (CO 2 ) in the atmosphere. The objective of CO 2 sequestration is disposal of CO 2 by deep injection into a naturally occurring repository such as e.g. terrestrial saline aquifers.
Saline aquifers are geological formations consisting of water permeable rocks that are saturated with salt water, called brine. Terrestrial saline aquifers are saline aquifers made up of sedimentary rock and covered by a layer of relatively impermeable rock, called the caprock. Supercritical carbon dioxide, CO 2 that has been compressed to a phase between gas and fluid, may be injected into such a formation. Because the supercritical CO 2 is less dense than the brine, it will rise up and become trapped by the caprock above. Additionally, some CO 2 will be dissolved in the brine. Injection of CO 2 should be confined to depths of 500 m, the shallowest depth at which CO 2 is supercritical.
Mathematical modeling of CO 2 sequestration leads to considering multiphase flows in porous media including special features such as phase transitions, chemical reactions, and hysteretic effects on the macroscopic level. The aim of this paper is to present a multiphase flow model accounting for hysteretic relations between capillary pressures and saturations of phases. This work has been supported by Award No KSA-C0069/UK-C0020, made by King Abdullah University of Science and Technology (KAUST).
Assume there are N p phases. The phases are supposed to be weakly compressible:
Here, ρ 0 α is the intrinsic mass density of phase α measured as mass of α per its volume, γ α the compressibility, p α the pressure, and ρ 00 α and p 00 α are the intrinsic mass density and pressure of phase α under reference conditions, respectively. We allow no void spaces, i.e. ∑ 
The mass conservation law has the form
where ρ α is the mass density of phase α measured as mass of α per volume of the medium,ċ β α the rate of transfer of phase β to phase α, and r α the injection rate of phase α. Notice that
, where φ is the porosity. Assume that the phases are ordered by wettability so that phase 1 is the most wettable, and phase N p is least wettable. Set p := p 1 and consider capillary pressures, p cα := p α − p. Thus,
Furthermore, we accept that p cα depends only on S α
where P α is a hysteresis operator acting on S α as functions of time. In the following, Preisach's operator will be used in contrast to [1] .
PREISACH'S OPERATOR
In this section, we consider for simplicity two phases, the wetting and non-wetting ones, being indicated by the subscripts w and nw, respectively. The phenomenological background of Preisach-based models is the following. Let us consider a single small pore which is initially filled with the wetting phase, i.e. S w = 1 and S nw = 0. When we slowly increase p c := p nw − p w up to some threshold b, the wetting phase gets displaced from the pore by the non-wetting phase so that S w jumps to 0. If we now decrease p c , nothing happens until p c reaches some threshold a ≤ b, and then the wetting phase occupies the pore again.
Mathematically speaking, this phenomenon is described by the so-called relay operator, i.e.
Notice, if the history, p c (·), is given, the image of the relay operator at t is a function of the parameters a and b. Assume now that there are a lot of pores distributed according to a probability measure μ(a, b) defined on the socalled Preisach half-plane, a ≤ b. Since p c is non-negative, the support of μ(a, b) actually belongs to the wedge Π = {(a, b) | 0 ≤ a ≤ b}. The saturation S w is then related to p c by the Preisach operator acting as follows:
In order to identify the Preisach density μ, the following assumptions are set. First, we assume that the main drainage curve obtained from the Preisach model should coincide with the well-known van Genuchten curve described by
where k p is a scaling parameter, 0 < m < 1, and n := 1/(1 − m). The Preisach model produces the main drainage curve, if we start with the media completely filled with the wetting phase, i.e. S w = 1, and increase p c replacing the wetting phase by the non-wetting one. According to the Preisach model, the main drainage is described by
dμ(a, b).
Following to [2] , dμ(a, b) is searched in the following form:
Here, K(b) is the slope of the reversal trajectories at the reversal points. Assume that K(b) = K, where K is a constant parameter of the model.
Further, we adapt the wedge model described in [3] . The basic assumptions are that the support of μ is the wedge
and ϕ is constant with respect to a inside the wedge. Taking these assumptions into account yields
and therefore
It is a well-known property of the Preisach operator that the output depends only on an alternating sequence of decreasing successive maxima and increasing successive minima of the input variable called alternating string [4] ). Thus, the alternating string of maxima/minima values of p c determines the value of S w . Suppose the input string is (p 1 c , p 2 c , ..., p k c ) and assume that p 1 c = 0, i.e. S w = 1 at start (not a principal restriction). Define
) with respect to the measure μ(a, b). It is easily to prove that, for a given input string, S nw can be calculated as follows:
In practical calculations, however, we need to calculate the capillary pressure p cα from the saturation S α of phase α (see (5)). Suppose that in the n th time step the saturation S n α and the alternating string describing the state up to the time t n are known. Note that not all time steps are present in the string because the string has to remain alternating. Let A(·, ·) be the binary operator that appends a new value to an alternating string and modifies the obtained string by removing the elements so that the new string is alternating. Then, for the time step n + 1, we have
Equation (6) is effectively solved by the bisection method, since the left-hand side is monotonically increasing with respect to p n+1 cα . So, we obtain p n+1 cα versus S n+1 α , which recursively defines the operator P α [S α (·)] (see (5).
MULTIPHASE FLOW MODELING
By substituting the velocity (1) and the pressure (4) into mass conservation equation (2), accounting for (3), and adding ∑ N p α S α = 1, we obtain the following nonlinear system of equations for the pressure p and the saturations S 1 , ..., S N p :
The algorithm for the computation of p, S 1 , ..., S N p is as follows. Assume that all values at time t n are known and compute them at t n+1 . 1. Solve an elliptic pressure equation which is obtained by the summation of the first equation of (7) over α:
